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Abstract. Nonparametric estimators of the survival function S(t) = P(T > t)
for a censored time variable T has been defined by several methods, in particular
by integral self-consistency equations since Efron (1967) [Chang and Yang, 1987].
We establish explicit expressions of the estimators in an additive form and extend
this approach to several cases: a left-truncated and right-censored variable, the
left-censored or left-truncated sojourn times of a right-censored semi-Markov pro-
cess.
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1 Introduction

Semi-Markov processes are non-homogeneous models for the evolution of in-
dividuals or systems between several states or submitted to several kinds of
damage. They may be applied to data in biomedicine, biology, demography
and quality control. For instance, the comparison of two treatments in pa-
tients may involve not only the final event, death or recovery, but also their
evolution between several health states or their quality of life during a dis-
ease. The transition times between the states are not always observed and
their values may be missing due to several possible observation scheme. In
some cases the estimation of the survival function has only solved by recursive
algorithms. This paper presents the usual product-limit estimator of right-
censored survival function as a sum and provide closed form expressions of a
survival function under left and right censoring or truncation. The estimators
are extended to estimate the distribution of sojour times of a semi-Markov
process under similar censorship and truncation.

2 Estimation of right-censored and left-truncated
variables

2.1 Right-censored variables

Let (X, d;)i<n be a sample of real time variables and censoring indicators,
X; =T;\C; and §; = I{T; < C;}, where T and C have the distribution func-
tions F' and G, and survival functions S and G. Let Ny(t) = >, dilix, <}
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and §n satisfying the self-consistency equation

§n(f) :n_l Z{l{x1>t}+(1—5) {X; <t};(7§):})}, (1)

then equation (1) uniquely defines an estimator of S if the censoring distri-
bution is continuous,

t
Sn(t):lf/ _ dNa(s) _
0 nfzj:1(175j)1{xj<s}sn (Xj)

and §n(t) = l%n(t), the Kaplan-Meier estimator.

2.2 Numerical example

Let (X1) < X2y < ... < X(y)) be the ordered sample (X;);<, and d
be the indicator related to X(;). The estimator §n is as a right-continuous

decreasing step function with jumps at the uncensored observations, starting
from S,,(0) =1 and with

5(1
n= S0 (1= )1, <x0 ) S0 (X))

Consider a sample such that (J¢;)i<n = (1,0,1,1,0,0,0,1,1,1), then the

o~

sequence (Sn(X(i,l),g (X(iy) = Sn(X(i—1))i<n takes the values

§n(X(i)) = §n(X(z>1))

1..9 99 1.9 79 1.9 6 9 6
((171_0)5(1_070)5(1_05§ X 1_0) (g X 1_0 g 10)7(§ X 1_050)7(§ X 1_050)7
9 6 9 6 9 9 9 9 9
(éX1_0’0)’(§xE’4x10)’(2x10’4x10)’(4x10’4><10))'

The product-limit estimator of Kaplan-Meier is defined as

Fat) = T {1~ yn((;;g)}

X; <t

with Y,,(£) = > 1{x,>4- For the above sample

9 76 2
(17N (X(z) (X(l)))z<n 7( 1 1,1,1 §
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1 7 ’8 7’ ) 3 ) )7
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lgn is a step function with jumps at the X(;)’s and the values (lgn(X(i)))iSn
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2.3 Left-truncated and right-censored variables

Under left-truncation and right-censoring, the variables X; and ¢; for indi-
vidual ¢ are observed only if X; > U;, where T;, C;, U; are independent with
dfs 1 — S, G and H respect. Let Yy, (t) = > Liy,<i<x,}- As in (1), self-
consistency property for the estimator of H(t) and H(t)S(t) = P(U <t <T)
may be written

. . u H,(t
H,(t) = n Y, (t") + ; (U <X; <t}ﬁ%}
)30 = ™ (1(0%) + 3201 - ) wicx, <t}%

Let Ry (i) and Rx (i) be the ranks of U(i) and X (i). A direct estimator
of H(t) as a right-continuous increasing step function with jumps at the
observations U;, i = 1,...,n, and starting from H,(0) = 0 is defined by
= = 1 Ug XRry (i
Hn(U(iJrl)) = Hn(U(i)) + . {UG+1)<XRy +1)};\_1 . (3)
n— Zj:l 1{Xj<UjSU(i)}Hn (U])

Moreover, f[n given by (3) is equal to the product-limit estimator of H
([Woodroof, 1985]),

1 1
le 1— {Yn (X:)>0} H{U; <tA X}
= II ¢ A b

1<i<n

By (2) an estimator S, is defined as a step function with jumps at the ob-
served X;, with S,,(0) = 1 and such that
(HnSn)(Xiy) = (HpSn)(X(i-1))
6(i)1{URX(i)<X(¢)}
n =370 (1= 6;) v, «x,<x (1)} (HaSn)n  (X;)

3 Estimation of a semi-Markov process under
right-censoring

We consider a n independent observations of a semi-Markov jump process in a
finite state space {1,...,m}. The i** sample path of the process is defined by
the sequence of the different sojourn states J; = (J; x)r>0 and by the sequence
of the transition times T; = (T} x)r>0, with T30 = 0 and T}, is the arrival
time in state J; 5, up to arandom time ¢;. For k > 1,7 =1,...,n, the sojourn
time X, = T;, — T5,,—1 in a transient state J; ;1 may therefore be right-
censored by a random variable C; ; and the observations are X; ; A C; ;, and
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the indicator d; x = 1(x, ,<c;, ,}- The variable C; y is supposed independent
of (T4, ,Tik—1) and (J;0,- - , Ji k—2) but to depend only on J; y_1, k > 1,
i=1,...,n. Let K; be the random number of uncensored transitions of the
process (J;,T;), X = t; — Zszl X the last (censored) duration time; if
Ji = Ji K, is censored, 8] = 6; k,+1 = 0, otherwise X = 0.

The model is defined by the transition functions from j to j', Fj|;(x) =
P(Xik <z, Jir =j'|Jik—1 = j) or, equivalently, by the transition probabili-
ties pji; = P(Jir = j'|Ji,k—1 = j) and the distributions of the sojourn times
between two states j and j', Fj;;(v) = P(Xix < z|Jip = j's Jig—1 = J).
The distribution of a sojourn time in j is Fj; = ) i Fyrigs the related survival
functions are denoted S);;; and Sj;, and Sj|;(x) = pj|; — Fj|;(z). The cen-
soring variable of the sojourn times in state j has a distribution function Gj;.
These functions are all assumed to be continuous.

Let N(j,n) be the total number of arrivals in state j, Y"¢(x, 4,5, n)
the total number of sojourn times larger than = before a transition from
jto g, Y™(x,j,n) (resp. Y¢(x,j,n)) the total number of uncensored (resp.
censored) sojourn times larger than x in j and Y (z,j,n) = Y"(z,j,n) +
Y¢(z,j,n). Asin (1), the nonparametric maximum likelihood estimator §n7j
of the survival function S; in state j may be defined as a solution of the
self-consistency equation

~ 1 + . = * gn,j (z)
Sn,J(.’I/') N(],n) {Y(:E a]an) +Zzzl(1 61)1{J¢ —J}l{Xi <z} §n,](XZ*)} ’
A (4)
with S5, ;(0) =1 and (4) determines the Kaplan-Meier estimator of S;.
For the estimation of Sj/|; and S;;/, we assume that the mean number

of visits in j, 79 = n~'EN(j,n), is finite and 79p;; > 0. Estimators §n,j/|j

and S, |;;» are unique solutions of

~ 1 Z" S (X7)
Sn i) = —/——— Ync ZL'Jr, ., '/,TL + 17 5: 1 * 1 *>q #
i |]( ) N(],?’L) { ( J5J ) i:1( ) {J7, ]} {X1> } th](Xl*)
20 =Dl snr g e “
~ 1 Ync(:CJr’j,jl,n) n §n ‘]]/(X*)
S, i (2) = —— _ TR ST 10 ) DRSS PO 1 i
157 () N(],n){ Bosr ;:1:( =i Hx; >a) 50 (X7)

+Y (=) =iy lx <o) =

- S 1y (@)
i=1 Sn,j(Xf) } (6)

where p,, ;i = §n,j/|j(0). The estimators §n,j/|j and §n,‘jj/ solutions of equa-
tions (5) and (6) are defined from §n1j/|j(0) = Dn,; and §n1‘jj/ (0) = 1. They
are decreasing step functions with jumps at the observed durations before a
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transition from j to j’ and their variations depend on the number of such
transitions and on the number of censored durations in state j. The cen-
sored durations in j, before and after x, are dispatched onto all the observed
duration times in j before a transition to another state according to weights
dependmg on the previously calculated values of Sn 'l (resp. S i) and

Sn n,j-

We denote (Xa) < X < ...) the ordered sample
(X, i), X )i<n and d(;) the indicator related to X,

5 5 Y"C(X(z 1,451 = Y"(Xq), 4, 5", n)

Snii(Xa—1)) — Sniri (X)) =
»J \J( ( 1)) J |J( (l)) N(j f (- 1)S ( ydYe(yt, j, )

(5) defines the Kaplan-Meier estimator for Sj/|; studied by [Gill, 1980] and
S 115 (%) = Pr i Sn 715 (®).

A self-consistency equation and a direct estimator of p(j'|z, j) = P(Jx,; =
|Xkl >-T Jk 1,2 _j)

o0

Bulf')z,5) = Y M@t j,n) (Y™ (a4, 5 n) / Pl 9.) Y (0. 3.m)}.
’ (7)

Equation (7) defines an estimator of p(j’|z, j) as a decreasing step function
with jumps at the censored durations in j and at the uncensored durations
related to transitions from j to j'. Starting from p,(j'|co, j) = 0,

1 —00pn(i'1X ), 7)
YC(X(l)aja n)

(i | X =1y, 7) = Pu(§'[ Xy, ) +

4 Self-consistent estimation for observations by
intervals

4.1 Doubly censored observations

For individual ¢, the k-th sojourn time X; j of the process is observed on an
interval [U; k, Ci ] with U, < C;x and Uo<p<k, [Tik + Uik, Tik + Ci k] C
[0,t;]. The observations are J;,—1, Wir = max{U;p, min(X;,Cix)},
01ik = lix,,>u,,y and 62k = lix, ,<c, ), and X, is observed only if
01,i,k02,i,5 = 1. We assume that the variables U; ;, and C; j, are independent of
X i, with continuous d.f. H; and G; such that 7y ; = inf{u; H;(u) >0} =0
and 72 ; = sup{u;S;(u)G;(u) > 0} = oo. For & > 71, ;, the notations of
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section 3 are modified as

n K;
Ync('r’jaj/an) :Zzélik52lk1{]zk J'}l{Jzk 1—]}1{X K>T}s
1=1 k=1
n K;
Yc’l(xaj’ n) = 22(1 - 517i,k)1{J¢,k71:j}1{Ui,1c§1}’
1=1 k=1
n K;
YC’Q(xaja n) = ZZ( 02,4 k)l{Jiyk 1—]}1{0Z k>
1=1 k=1
cor 1-8,5,0) .
Pel(a i) = [ Sy ety o)
o 1—5n;(y

PN

~ S N

YC’Q(x,j,j’,n) = —/ IR 5 dYC’Q(y,j, n),
xT

Y(z,j,j'\n) = Y"(x,5,j',n) + Yo z,j,j',n) + Y2(x,j,5',n) and
Y (x,4,n) = 3, Y2, 5,5, n) + Yo (@, ,n) + Y2z, j,n).

The self-consistency equation for the estimator §n of Sy, is written as

33

s o~ . - dY°2(j,n
NGS5 = T ) = Bagiy(o) [ B0
n,J

. * dy©l(j,n)
{ 2J |J( )} . 1_ Sn,j

A sum over index j’ gives an equation for S, ;

5 1 5 T dY (4, n)
Sn i\r) = " Y ,j, —S n,j\L / Ai’
7]( ) N(],Tl)[ ( ) J( ) Sn_]
dYel( j,
Ho- S [T 5 ],
with Sn (0 ) = 1. This equation provides an algorithm for a decreasing

estimator S, j starting from S, ;(0) =1 and with jumps at the uncensored
transitions times. Let (W) < W2y < ...) the ordered sample of the variables
Wik, k=1,...,K;, i =1,...,n and let d(, 61 ) and d3 () the indicators
related to X(;y, then

Y™ Xq-1y,j,n) = Y™ ( Xy, 5,n)
dn,j,(l)

Sni(Way) = Snj(Wa—1)) — . with

; W(lil) c,2 .
dniy = N(Gim) + / 871 (y) dY2(y, j,n)
0

[ =)yt ).

W)
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Since U;, < Cix, boundary constraints are H, j(cc) = 1 > Gy ;(c0),
Gn,j(0) = 0 < Hy;(0) and (8) uniquely defines estimators of Sy ;, H;

Gj and Djjts

-~ : *dye! Jsn) 1,5 .. o Jyel 7,
Pn.jj :{N(J,HH/ #} 1{Y(O,J,J’,n)+/ #},
N o 1-5,;

and, starting from §n,j/‘j(0) = Dn,jj’s §n,j/|j is a decreasing step-function
with jumps at the uncensored transitions times,

-~ e~ Ync(lel ajaj/’n)_YnC(Xl ajajlan)
Snj1i W) = Snjr;(Wa-1)) — =y oot = -
.7,

4.2 Left-truncated and right-censored observations

The k-th transition X; j of the process for an individual ¢ is now observed on
an interval [U; j, C; x|, conditionally on X; A C; > U; . The variables U;
and C} i are only supposed to be independent and independent of X ; but
without U; , < C; 1 and all the observations of the states and the duration
times are missing for the transitions with X; ; A C; < U; . The nonpara-
metric estimators of the survival functions are now defined from the counting
processes

I

Yot (z, j, ' n) = Oi kL7, =i L=y WU <2 <Xi i}

K;
=1 k=1
n K;
Yot (z,j,n) = Z Z(l =0k ) L=y UL o <a<Ci)s
=1 k=1
n Ki
Ne™(z,j,n) = Z (1= 0i6) (g, =iy LU, < Ci o <a}s

s
Il
-
B
Il
—

~ g
wm@mﬁm:*/ End®) gyenty, ),
T Sn,](y)

Yn(z’j) = Zyn07nt(x7j’jl’ n) + Yc,nt(z’j7 n)'
j/
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o~ ~ o~

Self-consistency equations may be written for ﬁn,j, f[ijmj and Hy, ; Sy, j|5,

= _ . - . ﬁn i\T
Flos () = 0" V(1) 4+ 3 Lpp e oy i = 5} et D)

=}
i=1 Hn,j (Xi,k)

. ~ 1 RPN & T AN (j,n)
o (00505(0) = 07 (e 0) 4 Hs(@Sa) [~ E 0,
’ n,jtdn,j
~ ~ 1

{Yn07nt(x7j’jl’ n) + }?C,nt(z’j7 j/7n)

=R R x ch,nt(j TL)
+Hn,‘ xr Sn 1\ / % .
J( ) ,J |]( ) o Sn,an,j }

Hy, j(x)Sy () = N(j,n)

Let (Uqny < Ugg) < ...) and respectively (X(1) < X(2) < ...) be the ordered
sample of the variables U; , and X;x, k=1,...,K;,i=1,...,n and let §
be the indicator related to X(;y, Ry(l) and Rx(l) be the ranks of U(l) and
X (1). The nonparametric estimator of H;(t) = exp{— [~ Hj_1 dH;} may be
defined as an increasing step function with jumps at the observations U; j
such that J; y,_1 = j, with ﬁn,j(O) =0 and

- = HUus1) < Xpparn IRy a1) = 5}
H,j(Ugsn) = Hoy(Ugy) + — & vty vy :
n— Zl’ WXy <Up < U(l)}Hnﬁj(Ul/)

~

Sh,j is deduced as a step function with jumps at the X; ; such that J; .1 = j,
with S, ;(0) = 1 and satisfying

(HpjSn) (X)) = (Hn jSn)(X(-1))

5(l)1{JRx(l) :j}l{URX(l) < X(l)}
n — Z?:l(l — 5l/)1{Ul’ < Xl’ < X(l—l)}(ananvj)il(Xl/)

An explicit expression of §n,j/| ; is similar.
All the proposed estimators are all uniformly consistent on compact sets

included in the support of the survival functions.
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